Abstract. We consider the approximation of the frequency domain threedimensional Maxwell scattering problem using a truncated domain perfectly matched layer (PML). We also treat the time-harmonic PML approximation to the acoustic scattering problem. Following work of Lassas and Somersalo in 1998, a transitional layer based on spherical geometry is defined, which results in a constant coefficient problem outside the transition. A truncated (computational) domain is then defined, which covers the transition region. The truncated domain need only have a minimally smooth outer boundary (e.g., Lipschitz continuous). We consider the truncated PML problem which results when a perfectly conducting boundary condition is imposed on the outer boundary of the truncated domain. The existence and uniqueness of solutions to the truncated PML problem will be shown provided that the truncated domain is sufficiently large, e.g., contains a sphere of radius R t . We also show exponential (in the parameter R t ) convergence of the truncated PML solution to the solution of the original scattering problem inside the transition layer.
Introduction
In this paper, we consider the acoustic and electromagnetic scattering problem in three spatial dimensions. Simulations involving these problems are inherently difficult for a number of reasons. First, although the problems are symmetric, they are indefinite. Second, the problems have a scale related to the wavenumber k, so standard discretizations require mesh sizes proportional to k −1 . Third, the problems are posed on infinite domains.
The focus of this paper is on the third issue above, i.e., how to deal with the boundary condition at infinity in a computationally effective way. Specifically, we
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shall study perfectly matched layer (PML) approximations to acoustic and electromagnetic problems. The goal is to demonstrate both the solvability of the continuous PML approximations and the convergence of the resulting solutions to the solutions of the original acoustic/electromagnetic problem.
Recently, there has been intensive computational and theoretical research toward understanding the properties of PML approximations. The research into the computational aspects of these methods is the subject of many papers in the engineering literature and we shall not attempt to discuss them here. There is evidence to suggest that this approach is very competitive with standard techniques for computational domain truncation. In the paper by Petropoulos [14] he refers to recent numerical results in [9] , which "indicate our reflectionless sponge layer provides levels of numerical reflection from ∂Ω c that are comparable to those obtained with the exact ABC [8] for vector spherical waves scattering from a dielectric sphere but at a substantial savings in computational cost."
The original PML method was suggested by Bérenger in [3] and [2] . The observation that a PML method could be considered as a complex change of variable was made by Chew and Weedon [4] . Using this technique, Collino and Monk [5] derived PML equations based on rectangular and polar coordinates. There, they also showed the existence and uniqueness of solutions of the truncated acoustic PML except for a countable number of wave numbers. The formulation of PML equations for (2.1) in spherical coordinates can be found in [12] . Lassas and Somersalo [10] proved the existence and uniqueness of the PML acoustic approximation on a truncated domain where the outer boundary was circular. In a later paper [11] , they extended these results to smooth convex domains in R n . To date, there has been relatively little analysis of the truncated electromagnetic PML equations. Techniques for the acoustic problem do not carry over directly to the electromagnetic problem. This stems from the fact that the acoustic problem is strongly elliptic (up to perturbation) while the electromagnetic operator has an infinite dimensional kernel consisting of functions which are gradients. For example, Collino and Monk [5] use a perturbation analysis to derive their existence result. Carrying this argument over to the electromagnetic PML poses significant analytical difficulties requiring the analysis of vector decompositions involving the complexvalued PML coefficient. We will present a new analytical approach for the study of the electromagnetic PML equation in this paper.
Let Ω (the scatterer) be a domain in R 3 . We shall first consider the acoustic scattering problem with a sound-soft obstacle. This involves a scalar function u defined on Ω c , the complement ofΩ, satisfying
Here ρ = |x|,x = x/ρ, and k is a real positive constant. We have absorbed the medium properties into the constant k. We will also consider the time-harmonic electromagnetic scattering problem. In this case, we shall assume, for convenience, that Ω is simply connected with only one boundary component. We seek vector fields E and H defined on Ω c satisfying (1.2)
Here g results from a given incidence field, µ is the magnetic permeability, is the electric permitivity, and n is the outward unit normal on ∂Ω. The last line corresponds to the Silver-Müller condition at infinity. We assume that the coefficients µ and are real valued, bounded away from zero and constant outside of some ball. We introduce some notation that will be used in the remainder of the paper. For a domain D, let L 2 (D) be the space of (complex-valued) square integrable functions on D and 
The Bérenger layer
For convenience, we shall take µ = = 1 in (1.2) as all of our results extend to the more general case as long as the coefficients are constant outside of a ball of radius r 0 . We can reduce to a single equation involving E by eliminating H in (1.2). This gives (2.1)
Throughout this paper, we shall use a sequence of finite subdomains of Ω c with spherical outer boundaries. Let r 0 < r 1 < . . . < r 4 be an increasing sequence of real numbers and let Ω i denote (interior of) the open ball B i of radius r i excludinḡ Ω (we assume that r 0 is large enough so that the corresponding ball containsΩ and that the origin is contained in Ω). We denote the outer boundary of Ω i by Γ i . The values of r 0 , r 1 , . . . , r 4 are independent of the computational outer boundary scaling parameter R t (introduced below).
As discussed in [5] , the PML problem can be viewed as a complex coordinate transformation. Following [10] , a transitional layer based on spherical geometry is defined, which results in a constant coefficient problem outside the transition.
Given σ 0 , r 1 , and r 2 , we start with a function σ ∈ C 2 (R + ) satisfying
We defineρ
One obvious construction of such a function σ in the transition layer r 1 ≤ ρ ≤ r 2 with the above properties is given by the fifth order polynomial,
A smoother σ can be constructed by increasing the exponents in the above formula. Each component of the solution E of (2.1) satisfies the Helmholtz equation with Sommerfeld radiation condition, i.e.,
Of course, this also holds for the acoustic problem (1.1). It follows that the solution of (2.1) can be expanded
Here h 1 n (r) are spherical Bessel functions of the third kind (Hankel functions), Y m n are spherical harmonics (see, e.g., [12] for details) and a n,m are vector-valued constants. The solution of the acoustic scattering problem satisfies (2.3) as well with E replaced by u and the vector coefficients {a n,m } replaced by scalar coefficients {a n,m }.
The PML solution in either case is developed in a similar fashion. We illustrate the development in the case of Maxwell's equations. The (infinite domain) PML solution is defined by
By construction E and E coincide on Ω 1 . Furthermore, the complex shift in the argument of h 
It follows that σ is in C 1 (R + ) and satisfies
The solution E satisfies Maxwell's equations using the spherical coordinates (ρ, θ, φ) [12] . More precisely,
For E expanded in spherical coordinates,
we have (2.5)
The PML approximation in the acoustic case is given by (2.6)
In polar coordinates (ρ, θ, φ),
Since the solutions of (2.4) and (2.6) coincide with those of (2.1) and (1.1), respectively, on Ω 1 while rapidly decaying as ρ tends to infinity, it is natural to truncate to a finite computational domain Ω ∞ and impose convenient boundary conditions on the outer boundary of Ω ∞ (which we denote by Γ ∞ ). We shall always require that the transitional region is contained in Ω ∞ , i.e.,Ω 2 ⊂ Ω ∞ . We introduce the parameter R t and assume that Ω ∞ contains the sphere of radius R t . Our analysis will require only a fixed (Lipshitz continuous) outer boundary shape (but one that we enlarge by our dilation parameter R t ). Of course, in practice, it is often convenient to take a polyhedral outer boundary.
It will be critical to keep track of the relation between constants appearing in the inequalities and the scaling parameter R t . Our constants are independent of R t and will be denoted generically with the letter C. The truncated PML approximations are then given as follows. In the case of Maxwell's problem, we consider the truncated PML problem involving a vector function E t defined on Ω ∞ and satisfying (2.8)
Analogously, for the acoustics problem, we consider u t defined on Ω ∞ satisfying (2.9)
Remark 2.1. It is possible to use and analyze other conditions on the outer boundary. We choose Dirichlet conditions for convenience.
Analysis of the truncated acoustic PML (2.9)
In this section, we will prove that the truncated PML acoustic problem (2.9) has a unique weak solution which converges exponentially to the solution of (1.1) near the obstacle. We will first prove uniqueness for (2.9). To do this we will use a duality argument. A similar technique was used in [7] for the exterior Helmholtz problem to estimate the effect of truncating the infinite domain and imposing an approximate absorbing boundary condition.
We first consider a weak formulation of (2.6). Define the sesquilinear form,
This form is well defined for v ∈ H 1 (Ω c ) and χ ∈ H 1 (Ω c ) and results from (2.6) and integration by parts. For g ∈ H 1/2 (∂Ω), letĝ be an H 1 (Ω c ) bounded extension of g supported in Ω 0 . The weak solution of (2.6) is the function u =ĝ − w where
We will subsequently show that the variational problem (3.2) is well posed and that u is well defined and independent of the particular extensionĝ.
To employ the duality technique, we need to consider the adjoint source problem on the infinite domain.
It is immediate thatẑ =dz (z denotes the complex conjugate of z), where z satisfies
The above problems are well posed as is shown in the following theorem.
To prove the above theorem and subsequent results, we shall require the following theorem which follows easily from a theorem due to Peetre [13] and Tartar [15] (see, e.g. Theorem 2.1 of [6] 
Proof of Theorem 3.1. We will use Theorem 3.2 to show that the form (3.1) satisfies an inf-sup condition on H 1 0 (Ω c ). To this end we break the form into two parts as follows:
where (3.7)
and
Notice that d and (
Recall (
Now, using the argument in [5] we have the uniqueness property that
The corresponding inf-sup condition for the adjoint problem follows from the identity
Hence, by the generalized Lax-Milgram Lemma, there exists a unique z ∈ H 1 0 (Ω c ) satisfying (3.4). Moreover,
This completes the proof of the theorem.
Remark 3.1. Applying a standard trace estimate, the proof of the above theorem implies that the solution u of (2.6) satisfies
In addition, the inf-sup condition proved above immediately implies that u is independent of the choice of extensionĝ.
We will first prove uniqueness for (2.9). In order to do this we will need the following two propositions. These propositions will be used extensively throughout the remainder of this paper. The first is a classical interior estimate for the solution of an elliptic equation. The proof is elementary. 
We also need the following proposition.
Proposition 3.2.
Assume that w is bounded at infinity and satisfies (3.14) in
Proof. The fundamental solution of (3.14) with
Note that there is no contribution above from infinity. Indeed, since w is bounded at infinity, it can be written as a (scalar) expansion of the form of (2.3) with k replaced by d 0 k. In addition, ψ decays rapidly at infinity since d 0 has a positive imaginary part and so the outer boundary contribution limits to zero. Using Schwarz's inequality and the properties of ψ it is easy to see that
Integrating over S γ , using a standard trace inequality and Proposition 3.1 we obtain Proposition 3.2.
We can now prove the following theorem. (Ω c ) be the solution of (3.3). Then
Let χ be a smooth cutoff function with supportD 1 in S γ (of Proposition 3.2), which is one on Γ ∞ . Applying Propositions 3.1 and 3.2 to z and (3.5), it follows that
We next estimate the negative norm on the right hand side above. Letĥ be in H 1 (Ω ∞ \Ω 2 ) and be equal to zero in
. This problem is well posed since d 2 0 has a nonzero imaginary part. It follows that
We set h =ĥ − ψ. Note that both u and h satisfy homogeneous equations in Ω ∞ \Ω 2 , i.e., 
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Now, using Green's identity,
Finally, using Proposition 3.1 (with D 1 a domain containing Γ 3 whose closure is in Ω 4 \Ω 2 ), we get
. Combining the above results shows that
and hence, using (3.19), we have
i.e., u vanishes on Ω 4 provided R t is taken large enough. It follows by unique continuation that u vanishes on all of Ω ∞ . This completes the proof of the uniqueness theorem.
We next give a weak form of problem (2.9). For g ∈ H 1/2 (∂Ω) letĝ be an 
Here u is the solution of (2.6).
Remark 3.2. The above theorem shows that u t converges exponentially on Ω 4 to u as R t → ∞. It follows that u t converges exponentially to u on Ω 1 .
Proof. We note that (3.9) and (3.11) hold on the restricted space H 1 0 (Ω ∞ ) so the uniqueness result of the previous theorem and Theorem 3.2 implies the inf-sup condition
Uniqueness for the adjoint problem on H 1 0 (Ω ∞ ) follows from Theorem 3.3 and (3.13). This implies the existence and uniqueness of solutions to (3.24) . It is easy to see that the resulting function u t is independent of extensionĝ.
To finish the proof, we need to show that u t converges to u, the solution of (2.6), in L 2 (Ω 4 ) and that the convergence is exponential as R t increases beyond some threshold. To see this set e = u − u t . As in the proof of Theorem 3.3, let Φ be in L 2 (Ω c ) with support in Ω 4 and letẑ ∈ H 1 0 (Ω c ) be the solution of (3.3). Let L denote the formal adjoint of the operator d 2 ∆. Since ∆ is a multiple of ∆ except on the transition layer r 1 < ρ < r 2 , it follows that
Here b ∞ (·, ·) denotes the form on
, which results from replacing the domain of integration Ω c in (3.1) by Ω ∞ . To handle the first term on the right hand side of (3.26), we shall use estimates in the proof of Theorem 3.3 (with u replaced by e). As in (3.19),
We estimate the negative norm again following the proof of Theorem 3.3, but replace (3.21) with ∂ e ∂n ,ĥ
The first two terms on the right hand side above are estimated exactly as in (3.22) .
For the last one, we note that because h satisfies (3.20),
Thus,
whereD 1 ⊂ S γ . Applying Propositions 3.1 and 3.2 gives
Now, using a standard trace inequality, Theorem 3.1, Proposition 3.1, and Proposition 3.2, we obtain
Thus we have
.
From this and Remark 3.1, it follows that
Hence, for R t large enough, we obtain the convergence estimate
Uniqueness for the truncated electromagnetic PML problem
Following [12] , we define the diagonal matrices (in spherical coordinates),
Then, ∇ × E = A ∇× (B E).
We first define a weak form of the PML problem (2.8) by setting E t = g − w and setting up a variational problem for Ξ = Bw ∈ H 0 (curl; Ω ∞ ), i.e.,
Here the sesquilinear form A is given by
and µ is the three by three matrix which corresponds to the diagonal matrix (AB) −1 in spherical coordinates. As usual, we define the form on the larger space and consider the space H 0 (curl; Ω ∞ ) as the subspace of H 0 (curl; Ω c ) defined by extension by zero.
Our first task is to show uniqueness when R t is sufficiently large. That is, if Θ is in H 0 (curl; Ω ∞ ) and
As was done in the analysis of the acoustic problem, we will again use a duality argument. We consider the adjoint source problem:
It is immediate thatẑ =z, where z is the solution of
We need the following theorem.
. Problems (4.4) and (4.3) have unique solutions z,ẑ ∈ H 0 (curl; Ω c ) satisfying
For the proof of this theorem, we require the following lemma whose proof appears in the appendix. 
where
Proof of Theorem 4.1. We will prove that, for W ∈ X(Ω c ),
To this end, set B(U , V) = A(U ,ηV),
Here
The last two integrations are over Ω 2 since both ∇η and (d 2 0 I − ηµ) vanish for ρ > r 2 . We obviously have
Choosing α as in (3.10) we obtain for V ∈ H 0 (curl; Ω c ),
If follows from Lemma 4.1 that
Thus, (4.6) will follow if we show that for W ∈ X η (Ω c ),
We apply Theorem 3.2 to prove (4.10). By the above discussion, we need only check the uniqueness property. It is immediate that this is equivalent to: If w ∈ X(Ω c ) satisfies
We note that we have the uniqueness properties for A and its adjoint in H 0 (curl; Ω c ) (cf. [12] ), specifically, if u ∈ H 0 (curl; Ω c ) satisfies We can now complete the proof of the theorem.
Next define W ∈ X(Ω c ) to be the solution of (4.14)
As above, the uniqueness property for the adjoint on H 0 (curl; Ω c ) implies (4.12) on the restricted space X(Ω c ). Thus, the existence of W satisfying (4.14) follows from (4.6) and the generalized Lax-Milgram Lemma.
The solution of (4.4) is then given by z = W + ∇φ. Indeed, for any Θ ∈ H 0 (curl; Ω c ), we decompose Θ = v + ∇ψ with v ∈ X(Ω c ). Then
which concludes the proof.
Corollary 4.1. Let E be the solution of (2.4) and g an H-curl extension of g with support in Ω 0 . Then
We can now prove the uniqueness theorem for the problem on Ω ∞ .
Theorem 4.2. For R t sufficiently large, the only solution
Proof. Suppose that Θ satisfies (4.2). For Φ ∈ L 2 (Ω c ) with support in Ω 4 letẑ satisfy (4.3). Both n × Θ and n ×ẑ vanish on ∂Ω. Also n × Θ vanishes on Γ ∞ . In addition, the components ofẑ satisfy (3.14) with
Let χ be a smooth cutoff function with supportD 1 in S γ (of Proposition 3.2), which is one on Γ ∞ . Since each component ofẑ satisfies (3.14) with β = k 2d2 0 and applying Propositions 3.1 and 3.2 and Theorem 4.1, it follows that (4.16)
We next estimate the negative norm on the right hand side above. Letĥ be in 
The first integration by parts formula is justified as h =ĥ + ψ and the formula holds for both terms. The second integration by parts above is justified because n × Θ vanishes on Γ ∞ and Θ is smooth in a neighborhood of Γ 3 since it satisfies (3.14) with β = k 2 d 2 0 there. Finally, using (3.15) (with D 1 a domain containing Γ 3 and whose closure is in Ω 4 \Ω 2 ), we get
and hence, using (4.16),
It follows that Θ vanishes on Ω 4 for R t sufficiently large. In this case, unique continuation implies that Θ vanishes on all of Ω ∞ . This completes the proof of the theorem.
5. Existence and convergence of solutions of the truncated electromagnetic PML problem (2.8)
The existence and convergence of solutions to the PML problem depend on the uniqueness result of the previous section. Accordingly, we shall assume that the hypotheses of Theorem 4.2 are satisfied throughout this section.
We are now in position to prove the existence theorem. Proof. The theorem will follow if we show the existence of a solution to (4.1). Now that we have proved uniqueness of (4.2), we follow the proof of Theorem 4.1 with Ω c replaced by Ω ∞ . In exactly the same way we arrive at the analogous inf-sup condition, Then Ξ = W +∇φ satisfies (4.1). Setting E t = g−B −1 Ξ concludes the proof.
Finally, we want to estimate the error created in replacing the solution of the scattering problem (2.1) by the solution of the truncated PML problem (2.8). To do this, we compare the solutions of (2.8) and (2.4), since the solutions of (2.4) and (2.1) coincide in Ω 1 . The proof follows the arguments in the proof of uniqueness. We have the following convergence theorem. Proof. Let F = B( E t − E). We follow the proof of Theorem 4.2 replacing Θ by F . The main difference is that n × F does not vanish on Γ ∞ .
